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We show how algebraic identities, inequalities and constructions, which hold for numbers
or matrices, often have analogs in the geometric classes of convex bodies or convex
functions. By letting the polar body K° or the dual function ¢* play the role the inverses
“K~17 and “p~1”, we are able to conjecture many new results, which often turn out to
be correct.

As one example, we prove that for every convex function ¢ one has

(e4+6)" +(p*+8)" =4,

where §(z) = % ||?. We also prove several corollaries of this identity, including a Santal
type inequality and a contribution to the theory of summands. We proceed to discuss the
analogous identity for convex bodies, where an unexpected distinction appears between
the classical Minkowski addition and the more modern 2-addition.

In the final section of the paper we consider the harmonic and geometric means of
convex bodies and convex functions, and discuss their concavity properties. Once again,
we find that in some problems the 2-addition of convex bodies behaves even better than
the Minkowski addition.
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1. Introduction

Denote by Cvx (R™) the class of all convex and lower semi-continuous functions
¢ R" = (—o00,00]. If 1,92 € Cvx(R™) and A > 0 we define the functions
©1 + @2, \p1 € Cvx (R™) in the obvious, pointwise, way:

(p1 + @2) () = p1(z) + @2(x)
(Ap) (z) = Ap(a).
Note that we write Ay and not A - ¢, as we reserve the notation \ - ¢ for another
operation to be defined shortly. The set Cvx (R™) is obviously a cone with respect
to these operations.
Given @1, p2 € Cvx (R™) we will write @1 < g if p1(x) < @a(z) for all z € R™.
For a function ¢ € Cvx (R™) the Legendre transform of ¢ is defined by

¢*(w) = sup ((z,y) —(y)),
yeR?

where (-, ) denotes the standard Euclidean product on R™.
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As it turns out, once the order < is given the Legendre transform does not
need to be defined explicitly, but emerges naturally as the “duality transform” on
Cvx (R™). More explicitly, in [2] and [4] Artstein-Avidan and Milman proved the
following:

Theorem 1.1. Assume T : Cvx (R") — Cvx (R™) satisfies the following two prop-
erties:

o T is an involution, i.e. T (Ty) = ¢ for all p € Cvx (R™).
o T is order reversing, i.e. p1 < o implies that Ty1 > T pa.

Then T is the Legendre transform up to linear terms. Explicitly, there exists a
constant C € R, a vector v € R™, and an invertible symmetric linear transformation
B € GL(n) such that

(Te) (x) =" (Bx +v) + (x,v) + C.

Even though our main theorems will be stated for convex functions, we will also
be interested in convex sets. Denote by K the class of all closed and convex sets
K C R”™ such that 0 € K. One way to produce the structure of an ordered cone
on Ky is by embedding Kf into Cvx (R™). The most useful such embedding sends
K € K} to its support function hx € Cvx (R™), defined by

hi(x) = sup (z,y) .
yeK

Hence we define K7 + K by the relation hg, +k, = hx, + hi,, AK by the relation
hax = Mg, and K; < Ky by the inequality hg, < hg,. Of course, one can give
more direct definitions: K7 + K5 is the Minkowski addition
K+ Ky :{1'1 +X2: 21 GKl, T2 GKQ},
(or, to be completely rigorous, the closure of this set). AK is the dilation
MK ={)\z: z € K},

and Ky < K if and only if Ky C Ks.
Like in the case of convex functions, the order C automatically produces a
duality transform on K, which is the polarity transform

K=K ={zeR": (z,y) <lforalye K}.
More formally:

Theorem 1.2. Assume T : Ky — K{ is an order reversing involution. Then

there erists an invertible symmetric linear transformation B € GL(n) such that
TK = BK° for all K € K.

Different people proved such a theorem for different classes of convex sets. For
the class K} the theorem was proven by Artstein-Avidan and Milman in [3]. Similar
theorems on different classes were proven by Gruber ([10]) and by Brezky and
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Schneider ([6]) — as the conditions of the theorem are so weak, slightly changing the
class changes the proof almost completely.

Let us remark that other embeddings of K into Cvx (R™) produce other oper-
ations on K. For example, one may fix p > 1 and map K € Kj to hh. € Cvx (R™).
This embedding gives us the p-addition K; +, Ko which is defined implicitly by
P, boKs = Wy, +h,, and the p-homothety -, K which is defined by hi_p o = Ahb
(of course, A -, K = A\/?K). The p-addition of convex bodies was introduced by
Firey ([8]) and studied extensively by Lutwak ([13],[14]). Notice that the induced
“p-order” is still the regular inclusion, so the natural duality transform remains
unchanged.

The structure of an ordered cone with a duality transform appears often in math-
ematics, including in less geometric settings. The simplest example is the positive
real numbers R themselves, with the usual addition, multiplication and order, and
with the inversion x % as a duality. Another algebraic example is the class M}
of n X n positive-definite matrices. Here the addition and multiplication by scalar
are the obvious choices, and the order is the matrix order =<, that is M; < Ms if
My — M, is positive definite. The duality is the matrix inversion M — M 1.

The main goal of this paper is to observe some surprising similarities between
the algebraic classes of numbers and matrices and the geometric classes of convex
functions and convex sets. We will think of the dual function ¢* or the dual body
K° as the “inverses” ¢! and K~!, and this intuition will allow us to conjecture
new results in convexity. Once conjectured, these results are often not difficult to
prove.

To illustrate this point of view let us consider one known example. For two
J;fl_,’_yfl -1

2

numbers x,y > 0 the harmonic mean of x and y is ( , and it is well

known that the harmonic mean is always smaller than the arithmetic mean, that is

Tty o x4yt _1.
2 2

It is fairly easy to prove a similar result for positive-definite matrices: for every
M,N € M" we have

M+N <M1+N1>‘1
2 - 2 '

What are the geometric analogs of this algebraic result? For convex sets, Firey

established in [7] that for every K,T € K one has

K+TD K°4+T°\°
2 - 2 ’

In fact, in his paper Firey writes that “This may be viewed as the analogue, for
convex bodies, of the theorem of the arithmetic and harmonic means for positive
numbers”.
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Finally, for convex functions, the analogous result is more or less folklore. For
every “reasonable” ¢, € Cvx (R™) one has

(0" +97)" (z) = (¢0¢) (z) = inf (p(y) +¢(2)).

ytz=x

The operation @[l is known as the infimal convolution of ¢ and . The word “rea-
sonable” above comes from the fact that ¢[Ji need not be lower semi-continuous,
even if ¢ and ¢ are. As this technicality will have no impact on our discussion we
ignore it, and refer the reader to section 1.6.2 of [18] for a more careful discussion
of this topic.

Similarly, for every ¢ € Cvx (R™) and every A > 0

()" (@) = 2" (5)-

As is sometimes customary, we will write (A¢)" = X - ¢* and warn the reader not
to confuse the two possible multiplications.
Once these facts are established we evidently have
oty (YT
2 = 2 ’

since

/N
AN
|+
<
~——
|
[\')\»—l

=[5 00)] (0) = 5 (o0 20).

(@) +9(x)
2

=Lt (o) +v(2) <

2 y+z=2z

Hence we see that in this example the analogy is perfect, and the same basic inequal-
ity holds for positive numbers, positive-definite matrices, convex sets and convex
functions.

Another interesting example of treating K° and ¢* as inverses can be found
in a recent paper by Molchanov ([16]), where he constructs continued fractions of
convex sets and convex functions and uses them to solve “body valued quadratic
equations”.

In the next two sections we will explore two new results that follow from the
same philosophy. In the next section we will prove a simple yet surprising identity,
with an unexpected application to Santal type inequalities. In Section 3 we will
return to means of convex sets and convex functions and discuss their concavity
properties.

2. A new identity

Notice the following trivial fact: for every x > 0 one has

1 1
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From here it is easy to prove a similar result for matrices: for every M € M one
has

M+D (M D) =1,
where I denotes of course the identity matrix.

In order to understand the counterpart of this algebraic fact for convex functions,
we need to understand which function 6 € Cvx (R™) plays the role of 1 or I. The
number 1 can be characterized as the only positive solution of x~! = z. Similarly,
I may be characterized as the only matrix X € M’ such that X ~! = X. Hence we
define § to be the only solution of the equation ¢* = ¢. This solution is §(z) = % |z,
where |-| denotes the Euclidean norm. Our theorem then reads:

Theorem 2.1. For every ¢ € Cvx (R™) one has
(p+0)" + (" +0)" =4

Proof. Write p = (¢ +d)" + (¢* + d)". On the one hand, directly by the definition
of the Legendre transform, we may write

Y

_ oty 9 VRN
pz) = sup | (z,y) —ply) = = +sup (#,2) =¢"(2) = 5

Y,z

- ot — oty L
sup | {2,y +2) = o(y) = ¢7(2) = 5 5 |-

On the other hand, we have
(p" +0)" = (" +6%)" =008
(p+8)" = ()" +6) = 0.
Hence we can also write
2

p(z) = inf <<p(y)+ lx;y‘ + inf (90*(2)+ |w;z| )

Y
2 2 2 2
. x|” —2(x,y) + N z|” —2(x,2) + |z
=g<ww+" e ol oy 220 >||>

=M2—wp0%y+@—ﬂw—wﬂd—%z—EJ)zMZ—M@-

From here we immediately obtain p(z) = 3 |z|> = §(x) and the proof is complete

Let us state one corollary of this theorem:

Theorem 2.2. Let vy, be the standard Gaussian measure on R™, i.e.

1 2
Tn A - " / Bilx‘ /zdili
) (2m)"7* Ja
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Then for every ¢ € Cvx (R™) one has

2
/67@d’7n'/eitp*d7n < (/65(1771,) .

Before we prove Theorem 2.2, let us put it in some perspective. In [11], Klartag
proves that if ¢ € Cvx (R™) is even, then for every even log-concave measure p on

2
/e*‘pdpp/e*“’*d,u < </e‘§du) .

Our theorem is just the special case p = 7,. Surprisingly, however, our theorem
holds for functions ¢ that are not necessarily even, and there is no need to translate

®.

R™ one has

Proof. Define ¢(z) = %gp (\/iac), and notice that ¢*(z) = %gp* (ﬂx) Applying
Theorem 2.1 for ¢ instead of ¢ we have
(@ +0)"+ (" +6)" =4,
and by applying duality to both sides we obtain
W+6)O@W* +6)=[(¥+8)" + @ +0)"] =6 =4
Define f,g € Cvx(R™) by f =2- (¢ +§) and g = 2- (¢* + §). Explicitly this means

sor=2(0(5) +0(5)) =+ (75) 2 (G3)
oo =2 (5) <5 (5)) =+ (35) +5(35).

Since (% . f) O (% -g) = ¢ we may apply the Prkopa-Leindler (see, e.g., Theorem

7.1.2 of [18]) inequality and obtain

2
/e*f(I)dx~/e*g(‘”)dx < (/ e‘s(”dx) .

Applying the change of variables & = v/2y to both sides and dividing both sides by
(2m)" one obtains the result. O

Before moving on to discuss convex sets, let us show one possible extension of
Theorem 2.1. For functions ¢1, p2 € Cvx (R™) we say that ¢; is a summand if ¢
if there exists ¢3 € Cvx (R™) such that ¢1 + @3 = ¢2. In other words, ¢; is a
summand of g if s — ¢1 € Cvx (R™). Theorem 2.1 immediately implies that if &
is a summand of ¢, then ¢* is a summand of §. As the next theorem shows, the
converse of this statement is also true:

Theorem 2.3. Fiz ¢ € Cvx (R™). Then 6 is a summand of ¢ if and only if ©* is
a summand of §.
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Proof. As mentioned above, the “only if” follows immediately from Theorem 2.1.
Indeed, if ¢ is a summand of ¢ then ¢ = 1 + § for some ¢ € Cvx (R™). It follows
that

O+ W+ =W+ + W +6) =4

and ¢* is a summand of J.

For the other implication, assume that ¢* is a summand of , so d —* is convex.
Since ¢ is lower semi-continuous and J is continuous the function ¢ — ¢ is also lower
semi-continuous, and we only need to prove that ¢ —§ is convex. Convexity of § —p*
implies that for every z,w € R™ and every 0 < A < 1 one has

§(Az+ (1= Nw)=¢* Az + (1 = Nw) < A(0(2) = ¢"(2)) +(1=A) (6(w) — " (w)).

Simplifying, this implies that

A1 =N)
2

Now, fix z,y € R™ and 0 < A < 1. Writing v = ¢ — § = ¢*™* — §, and denoting
A (z) + (1 = A)ip(y) by ¥x, we have

dr = Asup (z,2) = " (2)] + (1= Nsup (g, w) ¢ (w)] = Ao(z) — (1 = )3(y)

z

= sup A (z, 2) + (1 = A) (g, w) — (A" (2) + (1 = Np"(w))] = Ad(x) — (1 = A)d(y)

AL =)
2

¢ (O + (1 - Mw) + 2 — wl” > Mg (2) + (1 — \)p* (w).

ZSM{A@&%+O—Aﬂww%waz+ﬂ—AM0— 2 = wf

R

—A(z) = (1= A)é(y)

To simplify this expression we make a change of variables u = Az + (1 — A)w and
v=z—w. Wehave z=u+ (1 — A\)v and w = u — \v, so

¥y = sup [A (@, u) + A1 = A) {2, 0) + (1 = X) {y,u) = A(1 = A) (y, 0)

A1 = N\)
ALY

= _

2
of? A2 u—»ij—www]

AL = A)
2

P =My

—sup | (Ao + (1 - A)y,u) — (2 —y—vp? = ST ).

u,v

Now the supremum is obviously attained when v = x — y and we are left with

e+ =)

¥ 2 sup [(Az + (1 = Ay, u) — o™ (u)] 5

=" M+ (1-XNy) -5z + (1 -Ny)
=¢pAz+ (1= Ay).

Hence v is convex, and the proof is complete. O
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Remark 2.1. If one ignores questions of smoothness, it is possible to give a more
transparent proof of Theorem 2.3. Indeed, assume that ¢ and ¢* are both smooth.
Convexity of § — ¢* is then equivalent to the requirement that VZ¢*(y) < I for all
y € R™. Similarly, convexity of ¢ — § is equivalent to VZ¢(z) = I for all z € R™.
Since

V2" (y) = [V (Ve ()]

and since the map A — A~! is order reversing on M, the theorem follows imme-
diately.

Remark 2.2. It follows from the above discussion that the map
P (" +0)

is an order preserving bijection between Cvx (R™) and the class of convex summands
of §. The standard duality relation ¥ <> ¢* on Cvx (R™) corresponds under this map
the the obvious duality ¢ <+ 0 — on the class of summands. Furthermore, using this
map one can deduce from Theorem 1.1 a theorem characterizing all order-reversing
involutions on the class of summands.

We conclude this section by discussing convex sets, for which the situation is
a bit more complicated. Notice that in Theorem 1.2 there was no mention of an
addition operation on Kj - the polarity map K — K° is uniquely and naturally
defined given no other structure except the inclusion. So, while there is only one
reasonable candidate for the inversion operation, there are many possible candidates
for the addition operation. Usually in convexity the natural choice is the Minkowski
addition, but it turns out that the 2-addition is better behaved in our case:

Theorem 2.4. For every K € Ky one has
(K +2 D)° 42 (K° 42 D)° = D.

Here D denotes the unit Euclidean ball and +5 is the 2-sum as defined in the
introduction.

Proof. Simply apply Theorem 2.1 to ¢ = %h% Using the fact that (%h%)* =
1h%,, the definition of the 2-addition and the fact that § = 1A%, one gets

1 2 1 2 1 2
§h(K+2D)°+2§h(K°+2D)° = §hDa

and the result follows. O

Since the Minkowski addition appears much more often in convexity than the
2-addition, it may seem reasonable to conjecture that Theorem 2.4 remains true if
the 2-sum is replaced by the more conventional 1-sum:

(K+D)°+ (K°+ D)’ =D. (2.1)
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Numerical evidence seems to suggest that this is true when K is a “symmetric
enough” planar convex set. For example, when taking the unit square Q = [—1,1]2
we indeed have

(@+D)°+(Q°+D)° =D,

as can be seen in Figure 1.

(Q+D)” +(Q° +D)°

Fig. 1. Checking the identity for Q@ = [~1,1]?

However, it turns out that in general the identity (2.1) is false. As a
counterexample, take K = {0} x R"~! € K. In this case a direct computation
shows that

T=(K+D)°+(K°+D)°=[-1,1] x Dy,_1,
where D,,_1 is the unit Euclidean ball in dimension n — 1.

Notice that we still have T" C \/§D, and this is not a coincidence: for every
A, B € K} one has

A+2BCA+BCV2-(A+2B),
so from Theorem 2.4 we immediately obtain that for every K € Kf one has
1
V2

I do not have a satisfactory explanation for the fact that (2.1) seems to hold for
the square and other planar bodies with many symmetries.

D C (K +D)°+ (K°+ D)° C V2D.

Finally, we note that Theorem 2.3 also yields a corollary for convex sets, in
exactly the same way that Theorem 2.1 yields Theorem 2.4. We say that A € K is
a 2-summand of B € K{ if there exists C € Kf such that A 4+9 C' = B. The result
then reads:
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Corollary 2.1. Fiz K € Kfj. Then D is a 2-summand of K if and only if K° is a
2-summand of D.

When 2-summands are replaced with 1-summands (simply known as summands)
the situation is different. In one direction, Hug proved in his Habilitationsschrift
(habilitation thesis) that if K° is a summand of D then D is a summand of K. A
proof of this result now appears as Proposition A.3 in [9]. The opposite direction,
however, is false. To see this, notice that

D+ ({0} x R™™ 1) = [-1,1] x R*,

so D is a summand of K = [—1,1] x R"~1, even though K° = [1,1] x {0}" " is
not a summand of D.

3. Concavity of means

For positive real numbers x,y > 0, one may consider their arithmetic mean
% (z +y), their harmonic mean [% (z7! +y7!)] ~! and their geometric mean ,/zy.
Viewed as functions (R+)2 — Ry, it is easy to check that all three means are
concave functions.

For positive-definite matrices, the situation is a bit more complicated. The
arithmetic and harmonic mean are easy to define as A(M,N) = % (M + N) and
H(M,N) = [+ (M~ + N‘l)]fl. The geometric mean however is less obvious —
vV MN is not the correct definition, as the product M N is in general not positive-
definite and so its square root is not well defined. It turns out that the correct
definition is

1 —1 —1 1/2 1
G(M,N) = M"/? (M 2N M /2) MYz,

This definition was first given by Pusz and Woronowicz ([17]), who also proved that
G is concave. See [1] for a more readable proof of the concavity of H and G, and
see [12] for a survey explaining why G is the “correct” definition of the geometric
mean of positive-definite matrices.

For convex sets K,T € Kf, their arithmetic mean is of course A(K,T) =
1 (K +T) and their harmonic mean is H(K,T) = (3 (K° + T"))O7 as explained
in the introduction. The geometric mean of convex sets is a more delicate construc-
tion that was defined in [15]. We say that K € Kj is a convex body (and not
just a convex set) if K is compact and contains 0 at its interior. For given bodies
K,T € K, one looks at the sequences {A4,},~  and {H,},., defined by

A=K Hy=T

A, +H,

A3+ H2\°

2

The sequences {A,} , and {H,} -, converge to a common limit, which we call
the geometric mean of K and 7" and denote by G(K,T).
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In [15] it is established that the geometric mean of convex bodies shares many
of the basic properties of the geometric mean of numbers and matrices. As it turns
out, concavity is not one of those properties:

Theorem 3.1. For convex sets, neither the harmonic mean H nor the geometric
mean G are concave functions of their arguments

Proof. We will give counterexamples in dimension n = 2. Let us denote the unit
ball of the £, norm on R? by B2 (so BZ = [1, 1> and B2 = D).
For the harmonic mean, take

AlzRX{O}Anggo
BIZBZQ BQZ{O}XR

H A1+Bl’A2+B2 :H RX _}a} 9 _171 XR :B%a
2 2 2'2 272

H(Ay, Ag) + H(By, By) _ ([=2,2] x {0}) + ({0} x [=2,2)) _ p»
2 2 oo

Since B? 2 B2, we found our counterexample. If one wants a counterexample with
proper bodies, just approximate A; and By with such bodies in an arbitrary way.

For the geometric mean the computations are a bit more complicated. We fix
€ > 0 and define

Then

while

A= LY x [ 6] A = e,
Bi=led By= €] x [-11].

In [15] it is proved that

11 11 1
d{G|[-R,R % |—=,=|,|—=, = —R,R]),B2) <\/1+ —, 3.1
([ og] - [fog] < onm) m) <o o
where d denotes the geometric distance between convex bodies. Denoting R = %
and applying the linear map T,(z,y) = (x, er) to all of the bodies we obtain

d (G (A1, 42).T. (B3)) < V1+e,
which implies that G(A;, A2) — [-1,1] x {0} as € — 0. Similarly we have
G(B1,B2) — {0} x [-1,1] as € — 0.
On the other hand, it follows again from (3.1) that
Ai+Ay Bi+By\ 1+4¢€ 11 11 1,
G< 9 ) 9 ) - 9 G —— | X [76,6],[76,6] X 7?77 4)7B2
as € — 0.

We see that the concavity inequality
G <A1 + As Bi+ Bz) 5 G(A1,A2) + G(By1, Bs)

2 ’ 2 2
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becomes, as € — 0, the incorrect inequality %BS ) %Bgo It follows that for some
small enough € > 0 we obtain the desired counterexample. O

Things become better when one consider the geometric mean of convex functions
instead of convex bodies. For given ¢,1 € Cvx(R™) we look at the sequences
{an}y o s {m}oro defined by

ag = ¢ no =1

a + Oé*—f— * *
iy = 2 = (277> .

If the functions ¢, are everywhere finite then these sequences will converge to a
common limit, with essentially the same proof as the proof of convergence for bodies:
the sequence {a,},—, is decreasing and bounded from below by 7, the sequence
{nn},2 is increasing and bounded from above by aj, so both sequences converge
(pointwise). The relation oy, 11 = 1 (o, +1,) and the fact that our functions our
finite implies that the limits coincide. We denote this limit by G(p,) and call it
the geometric mean of ¢ and .

Perhaps the most interesting case to consider is the case ¢ = hf, and ¢ = hf.
for some convex bodies K and T and some p > 1. In fact, when p = 2 this was
studied by Asplund ([5]) much before [15].

As it turns out, means of convex functions are better behaved than means of
convex bodies:

Theorem 3.2.

(1) The harmonic mean of conver functions is concave. More explicitly, fix
©0, 1, %0, %1 € Cvx (R™) and 0 < A < 1. Define o) = (1 — N)pg + Ap1 and
r = (1= N)oo + Mp1. Then

H (ox;:92) 2 (1= A) - H (g0, %0) + AH (01, 91).-

(2) The geometric mean of convex functions is concave. In the same notations as
above, we have

G (@Aaw)\) 2 (1 - >‘) -G (90071/)0) + AG(@lawl)
whenever all the geometric means in this expression are well defined.

Proof.

(1) As explained in the introduction,

inf  (p(y) +9(2)).

1
2 y+z=2x

(He 0] @) = |5 (00 (@) =
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Hence we have

H{pnvn) (7) = % Janl, [0 = Neo(y) + Aea(y) + (1= No(2) + M (2)]
= % S (1= Xeo(y) + A (u) + (1= Ndo(z) + A (v)]
utv=2x
- % [(1 =) (po(y) +vo(2) + A inf, (p1(w) + 41 (0))

= [(1=X) H(po, vo) + AH (p1,¢1)] (2),

so H is concave.
(2) Consider the function F : Cvx (R™)* — Cvx (R")? defined by

Fle = (254 (254,

By (1) we know that F' is concave, meaning each of its components is concave.
It is also trivial to see that each of the components of F' is monotone increasing
in its arguments.

From these two facts, it follows that F(?) = F o F is concave and increasing:
we have

F(oxn,¥a) = (1= A) - F (¢o,%0) + AF(p1,¢1)
(again, > means component-wise comparison), so
F® (@x,92) > F (1= X) - F (0, %0) + AF (01, 1))
> (1= X) F® (g, 100) + AF® (01, 1)
and F® is concave. The fact that F(?) is increasing is even easier.

Proceeding by induction, we see that F(™) = F o Fo---o F is concave and
| ——

m times
increasing for every m > 1. But then

F(p,9) = lim F'™(p,9) = (Glp,¥), G(p,v))

is also concave and increasing. In particular, G is concave. O

Like in the previous section, the result for functions gives a result for 2-sum
of convex bodies. For convex bodies K and T we define their 2-geometric mean
Go(K,T) as the joint limit of

Ag=K Hy=T
Ap 42 Hy (A;Jz +2 Hﬁ)o
En2 o gy = (T2

V2 V2

Prop 3.1. G5 is 2-concave: For every convex bodies Ky,K;,T and T}
Go (K, T\) 2 V1 — AGa(Ko, Tp) +2 VAG2 (K1, Th),

where K\ = v1 — MKy +2 \f/\Kl and T\ = v1 — X1y +2 \f/\Tl.

An+1 -

Proof. Apply Theorem 3.2 to ¢; = %h%(i, ;= %h%, 1=0,1. O
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